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Abstract: In presence of a static pair of sources, the spectrum of low-lying states of
whatever confining gauge theory in D space-time dimensions is described, at large source
separations, by an effective string theory. In the far infrared the latter flows, in the static
gauge, to a two-dimensional massless free-field theory. It is known that the Lorentz invari-
ance of the gauge theory fixes uniquely the first few subleading corrections of this free-field
limit. We point out that the first allowed correction - a quartic polynomial in the field
derivatives - is exactly the composite field T T¯ , built with the chiral components, T and T¯ ,
of the energy-momentum tensor. This irrelevant perturbation is quantum integrable and
yields, through the thermodynamic Bethe Ansatz (TBA), the energy levels of the string
which exactly coincide with the Nambu-Goto spectrum. We obtain this way the results
recently found by Dubovsky, Flauger and Gorbenko. This procedure easily generalizes to
any two-dimensional CFT. It is known that the leading deviation of the Nambu-Goto spec-
trum comes from the boundary terms of the string action. We solve the TBA equations
on an infinite strip, identify the relevant boundary parameter and verify that it modifies
the string spectrum as expected.
Keywords: Wilson, ’t Hooft and Polyakov loops, Boundary Quantum Field Theory, Exact
S-Matrix, Integrable Field Theories
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1 Introduction
Even though a rigorous proof of quark confinement in Yang-Mills theories is still missing,
numerical experiments and theoretical arguments leave little doubt that this phenomenon
is associated to the formation of a thin string-like flux tube, the confining string, which
generates, for large quark separations, a linearly rising of confining potential.
The string-like nature of the flux tube is particularly evident in the strong coupling
region of lattice gauge theories, where the vacuum expectation value of large Wilson loops is
given by a sum over certain lattice surfaces which can be considered as the world-sheet of the
underlying confining string. When the coupling constant decreases, this two-dimensional
system undergoes a roughening transition [1–3] where the sum of these surfaces diverges
and the colour flux tube of whatever lattice gauge theory undergoes a transition towards
a rough phase, which is connected to the continuum limit. It is widely believed that such
a phase transition belongs to the Kosterlitz-Thouless universality class [4]. Accordingly,
the renormalisation group equations imply that the effective string action S describing the
dynamics of the flux tube in the whole rough phase flows at large scales towards a massless
free-field theory. Thus, for large enough inter-quark separations it is not necessary to know
explicitly the specific form of the effective string action S, but only its infrared limit
S[X] = Scl + S0[X] + . . . , (1.1)
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where the classical action Scl describes the usual perimeter-area term, X denotes the two-
dimensional bosonic fields Xi(ξ1, ξ2), with i = 1, 2, . . . , D − 2, describing the transverse
displacements of the string with respect the configuration of minimal energy, ξ1, ξ2 are the
coordinates on the world-sheet and S0[X] is the Gaussian action
S0[X] =
σ
2
∫
d2ξ (∂αX · ∂αX) . (1.2)
This action is written in the physical or static gauge, where the only degrees of freedom
taken into account are the physical ones i.e. the transverse displacements Xi. Even in
this infrared approximation the effective string is highly predictive, indeed it predicts the
leading correction to the linear quark-anti-quark potential, known as Lu¨scher term [5, 6]
V (R) = σR− pi(D − 2)
24R
+O(1/R2) . (1.3)
Accurate numerical simulations have shown the validity of that expectation [7–12]. This
infrared limit also accounts for the logarithmic broadening of the string width as a function
of the inter-quark separation [13]. This phenomenon was first observed long time ago in
the Z2 3D gauge theory [14] and only recently, using the very efficient Lu¨scher-Weisz
algorithm [11], has also been observed in a non-abelian Yang-Mills theory [15, 16].
In the last few years there has been a substantial progress in lattice simulations in
measuring various properties of the flux tube, in particular the interquark potential and
the energy of the excited string states (see e.g. [17–28]) which is now sensible to the first
few subleading corrections of the free-field infrared limit of the effective action. The latter
is the sum of all the terms respecting the symmetry of the system, which in an Euclidean
space is SO(2)× ISO(D − 2). The first few terms are
S = Scl+S0[X]+σ
∫
d2ξ
[
c2(∂αX · ∂αX)2 + c3(∂αX · ∂βX)(∂βX · ∂αX)
]
+Sb+. . . , (1.4)
where Sb is the boundary action characterizing the open string. Indeed quantum field
theories on space-time manifolds with boundaries require, in general, the inclusion in the
action of contributions localized at the boundary. If the boundary is a Polyakov line in the
ξ0 direction, on which we assume Dirichlet boundary conditions, the first few terms are
Sb =
∫
dξ0
[
b1(∂1X · ∂1X) + b2(∂1∂0X · ∂1∂0X) + b3(∂1X · ∂1X)2 + . . .
]
. (1.5)
Of course the addition of these terms modifies the spectrum of the physical states. For
instance the interquark potential (1.3) becomes, at first order in b1 [11],
V (R) = σR− pi(D − 2)
24R
− b1pi(D − 2)
6R2
+O(1/R3) . (1.6)
In 2004 Lu¨scher and Weisz [29] noted that the comparison of the string partition function
on a cylinder (Polyakov correlator) with the sum over closed string states in a Lorentz (or
rotation) invariant theory yields strong constraints (called open-closed string duality). In
particular they showed in this way that b1 = 0. This property was then further generalized
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in [30]. It was subsequently recognized that an essential ingredient of these constraints is
the Lorentz invariance of the bulk space-time [31–33]. The confining string action could
be regarded as the effective action obtained from the underlying Yang-Mills theory of the
confining vacuum in presence of a large Wilson loop by integrating out all the massive
degrees of freedom [33]. This integration does not spoil the original Poincare´ invariance
of the underlying gauge theory, however this symmetry is no longer manifest, being spon-
taneously broken. As expected, it is realized through non-linear transformations of the
Xi’s. The effective string action (1.4) should be invariant under the infinitesimal Lorentz
transformation in the plane (α, j)
δXi = −αjδijξα − αjXj∂αXi . (1.7)
For instance, if we apply the transformation (1.7) to the term Sb1 proportional to b1 in the
boundary action Sb = Sb1 + Sb2 + . . . we get at once
δ(Sb1) = −b1
∫
1idξ0 ∂1Xi + higher order terms 6= 0 , (1.8)
thus such a term breaks explicitly Lorentz invariance, hence b1 = 0. In a similar way [33]
it is possible to show that b3 = 0 . On the contrary the b2 term is compatible with Lorentz
invariance provided we add an infinite sequence of terms generated by the non-linearity of
the transformation. The associated recursion relations can be easily solved and the final
expression can be written in a closed form [34]
S2 = b2
∫
dξ0
[
∂1∂0X · ∂1∂0X
1 + ∂1X · ∂1X +
(∂1∂0X · ∂1X)2
(1 + ∂1X · ∂1X)2
]
. (1.9)
It is easy to construct in this way boundary terms of higher order [34]. Actually this proce-
dure was first applied to the bulk action and it was shown that the requirement of Lorentz
invariance of the infrared free-field limit (1.1) generates the whole Nambu-Goto (NG) ac-
tion [32, 33, 35]. In the latter reference this method was generalized to the construction
of the effective action of higher dimensional extended objects as D-branes on which other
massless modes, besides the Xi’s, are propagating. It can also be used to construct the
allowed bulk corrections to the Nambu-Goto action [36–38]; further informations on the
bulk corrections of the NG can be found working in a gauge where the Lorentz invariance
is manifest [39, 40] (see also a general discussion on this argument in [41]).
A formal light-cone quantisation of the Nambu-Goto action [42] suggested a simple
Ansatz for the energy spectrum of the closed string of length R
E(n,n¯)(R) =
√
σ2R2 + 4piσ
(
n+ n¯− D − 2
12
)
+
(
2pi(n− n¯)
R
)2
, (1.10)
where the integers n, n¯ define the total energy 2pin/R (2pin¯/R) of the left (right) moving
massless phonons. Similarly for the open string with fixed ends, where n = n¯, one has
En(R) =
√
σ2R2 + 2piσ
(
n− D − 2
24
)
. (1.11)
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We refer to (1.10) and (1.11) as the exact Nambu-Goto spectrum even if we know that this
Ansatz is incompatible with Lorentz invariance in D < 26 [43], except maybe in D = 3 [44].
For large enough R one can expand (1.10) and (1.11) in powers of 1/σR2. Lattice
simulations of confining gauge theories in 2+1 and 3+1 dimensions show that the ground
state and the first excitations of the confining string have an energy spectrum very close to
that of NG. This suggests that the effective action constructed along the lines illustrated
above can be considered as small perturbations of NG action that can be evaluated using a
suitable regularization and a standard expansion in perturbative diagrams [29, 45]. It turns
out that only first order calculations on the parameters ci and bi are practically feasible.
Recently, a new powerful non-perturbative method has been introduced in this con-
text [40]. It is based on the study of the S matrix describing the scattering of the quanta
of the string excitations, the phonons, in the word-sheet. Assuming a reasonably simple
form for S it turns out that the system is quantum integrable [46], hence one can apply the
method of thermodynamic Bethe Ansatz (TBA) to calculate the non-perturbative spectrum
of the effective string. Taking the simplest form of the S matrix and some assumptions
on the way of interacting of the phonons with different flavours (i.e. transverse indices),
it turns out the spectrum coincides with the exact NG spectrum of the closed string [46].
This method was also applied to describe some apparent deviations of the spectrum of the
closed string [47].
In the present paper we re-derive the NG spectrum starting from the observation
that the first non-Gaussian correction of the string action (1.4), once the coefficients ci
assume the values required by Lorentz invariance of the target space, namely c2 =
1
8 and
c3 = −12 , coincide with the composite field T T¯ , where T and T¯ are the chiral components of
the energy momentum tensor Tαβ. Thus the effective string action is, at this perturbative
order, a two-dimensional integrable quantum field theory formed by a conformal field theory
(the infrared Gaussian limit) perturbed by T T¯ . We do not need any further assumption
to derive, through the TBA, the NG spectrum.
We also show that a similar spectrum emerges from a general class of CFT’s perturbed
by T T¯ . The energy levels for the identity primary field and its descendents coincides
with (1.10) and (1.11) once one replaces D − 2 with the central charge c. The level
degeneracy differs in an intriguing way: it is know that the degeneracy of the closed
string grows exponentially for large E as ∼ exp(E/TH), where TH =
√
3σ/pi(D − 2) -the
Hagedorn temperature- coincides with the inverse of the distance Rc where the ground
state of the NG spectrum develops a tachyon, i.e. where the argument of the square root
in (1.10) vanishes. A similar relationship between the position of the tachyonic singularity
of the ground state and the degeneracy of highly excited states holds for general CFT’s. We
shall check it in the critical Ising model where this degeneracy can be calculated exactly.
The interplay between quantum integrability and Lorentz invariance in the target
space is an intriguing issue: the first non-Gaussian contribution of the string action is an
integrable perturbation only if c2/c3 = −14 as required by Lorentz invariance, however this
does not imply that the generated NG spectrum agrees with that of a Lorentz-invariant
string theory. As already mentioned, a pure NG spectrum is compatible with Lorentz
invariance in the Minkowski target space only for D = 26 (and perhaps D = 3) and
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perturbative calculations show that the NG spectrum deviates from that of a Lorentz-
invariant string already at the order 1/R5 in D > 3 dimensions , and starting at the order
1/R7 non-universal terms are expected to contribute to the energy levels [40, 41, 45]. These
contributions could be inserted in the TBA approach by assuming that at shorter distances
other perturbations contribute, besides T T¯ .
Actually the leading deviation of the NG spectrum comes from the boundary ac-
tion (1.9). This is also the most significant from a phenomenological point of view, be-
ing associated with the first non-NG correction of the interquark potential. We have
indeed [29, 45]
V (R) = σR− pi(D − 2)
24R
− 1
2σR3
(
pi(D − 2)
24
)2
− b2pi
3(D − 2)
60R4
+O(1/R5) , (1.12)
where the third term comes from the c2 and c3 terms in (1.4) [29]. This deviation of
the interquark potential has been already observed in lattice gauge theories and the b2
parameter has been evaluated [34, 48].
In this paper we introduce the TBA equations describing these boundary effects by
generalizing the approach of [40] to an infinite strip with Dirichlet boundary conditions.
We find that also in this case the equations are solvable explicitly and the energy spectrum
is given by (1.11). It is also easy to derive the corrections of the open string NG spectrum
due to the boundary constants bi and we recover in particular eq. (1.12).
Even though the non-perturbative method we used is very powerful and the calcula-
tions of the level corrections due to these coupling constants could be easily pushed to any
perturbative order, we do not think that this formulation of the effective string is ultra-
violet complete. The reason is that the whole spectrum of the theory includes an infinite
set of negative energy levels: because of the square root in eq. (1.10), the complete energy
spectrum is actually {±E(n,n¯)(R)}. The theory can be fermionized and one may assume
that the sea of negative energy levels is completely filled, however we did not succeeded
in finding the zero-point energy produced by this sea, because of the huge degeneracy of
the string states. As far as this problem is not completely solved, one should regard this
formulation as an effective theory.
In the next section we provide an elementary calculation of the T T¯ nature of the quartic
term along with some quantum check. In section 3 we describe in detail the exact S matrix
for a critical RG flow of the Ising model in the limit of the massless phonons, following the
method of Aliosha Zamoldchikov in the study of the flux between the tricritical Ising model
and the critical Ising model and obtain the spectrum of the T T¯ perturbed Ising model in a
closed form. In section 4 we study the degeneracy of the spectrum and compare it with the
degeneracy of the string. Then in section 5 we put the theory in an infinite strip, define a
consistent reflection factor and, in section 6, solve the boundary TBA for the open string in
the case D = 3 and compare it with the perturbative calculations. Finally, in appendix A,
we show that Nambu-Goto like spectra emerge from a large class of T T¯ perturbed CFT’s
and section 7 contains our conclusions with a summary of the main results.
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2 The composite perturbation T T¯ and its expectation value
The energy-momentum tensor of the free-field theory (1.2) can be written as
Tαβ = ∂αX · ∂βX − 1
2
δαβ (∂
γX · ∂γX) . (2.1)
Note that this tensor is symmetric, traceless and conserved, as it should. Once we put in
eq. (1.4) the values of c2 and c3 prescribed by Lorentz invariance, we have, as anticipated
in the Introduction,
S = Scl + S0[X]− σ
4
∫
d2ξ TαβT
αβ + Sb + . . . (2.2)
In two-dimensional CFT it is useful to introduce the chiral components Tzz =
1
2(T11− iT12)
and Tz¯z¯ =
1
2(T11 + iT12) and use the normalized quantities T = −2piσTzz, T¯ = −2piσTz¯z¯ in
such a way the operator product expansion begins with
T (z)T (w) =
D − 2
2
1
(z − w)4 + . . . (2.3)
and similarly for T¯ . Thus at the end we have
S = Scl + S0[X]− 1
2pi2σ
∫
d2ξ T T¯ + Sb + . . . (2.4)
There is a consistency check based on some general properties of the expectation value
of the composite field T T¯ pointed out by Sasha Zamolodchikov [49] for any two-dimensional
quantum field theory. In the particular case of a CFT on a infinite strip we have
〈T T¯ 〉 = 〈T 〉〈T¯ 〉 . (2.5)
Under a conformal mapping z → w = f(z), T transforms as
T (z) =
(
df
dz
)2
T (w) +
c
12
{f, z} , (2.6)
where {f, z} = −2√f ′ d2
dz2
1√
f ′ is the Schwarzian derivative and c the central charge.
Starting from the observation that 〈T 〉 = 0 in the complex w plane and that the
transformation f(z) = exp(piz/R) maps conformally the infinite strip into the upper half
plane =m(w) ≥ 0, we get, as it is well known,
〈T 〉strip = 〈T¯ 〉strip = c
12
{f, z} = − c
24
( pi
R
)2
, (2.7)
therefore in the infinite strip limit L→∞ we should find∫
d2ξ 〈T T¯ 〉 = RL〈T 〉2strip . (2.8)
On the other hand, the vacuum expectation value of the quartic term of the string action on
a cylinder -i.e. the correlator of two Polyakov lines- has been calculated many years ago [50]
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in the ζ-function regularization and more recently [29] in the dimensional regularization.
The result is
− 1
2pi2σ
∫
d2ξ 〈T T¯ 〉 = − 1
2pi2σ
(D − 2)pi4L
242R3
[
(D − 4)E2(τ)2 + 2E4(τ)
]
, τ = i
L
2R
, (2.9)
where L is the circumference of the cylinder. We do not need the explicit expression of
the Eisenstein series E2 and E4 because in the infinite strip limit L → ∞ they become
E2 = E4 = 1. In this limit we recover eq. (2.8).
We conclude this section with the following remark. The free-field action (2.2), once
perturbed with T T¯ , has a new energy-momentum tensor which is no longer the one defined
in (2.1) as it includes a quartic polynomial in the derivatives of Xi. Inserting this new T T¯
perturbation generates a new energy-momentum tensor made with a polynomial of higher
degree, and so on. It would be interesting to see whether this kind of recursion generates
the same sequence produced by the request of Lorentz invariance in the target space.
3 The exact S matrix for massless flows
More than twenty years ago, Aliosha Zamolodchikov [51] has proposed an interesting vari-
ant of the thermodynamic Bethe Ansatz [52] and the exact S matrix approach to two-
dimensional quantum field theory describing interpolating trajectories among pairs of non-
trivial CFTs. The simplest instance discussed in [51], concerns the line of second order
phase transitions connecting the tricritical Ising model (TIM) — identified with the confor-
mal minimal model M4,5 perturbed by φ13 — to the Ising model (IM). The latter system
corresponds to the CFT M3,4 underlying the infrared fixed point of the RG flow.
Massless excitations confined on a infinite line or a ring naturally separate into right
and left movers. In this simple example, only one species of particles is present. The right-
right and left-left mover scattering is trivial, while the left-right scattering is described by
the amplitude
S(p, q) =
2σ + ipq
2σ − ipq , (3.1)
where the real parameter σ sets the scale; it plays the role of string tension in the energy
spectrum. In (3.1) p is the momentum of the right mover and −q the momentum of the left
mover. In the limit σ →∞, S(p, q)→ 1, right and left mover excitations decouple and the
scale invariance of the model is fully restored at σ =∞. Starting from the S matrix (3.1),
Zamolodchikov was then able to derive the thermodynamic Bethe Ansatz equations for
the vacuum energy of the theory defined on a infinite cylinder with circumference R. The
relevant equations are
(p) = Rp−
∫ ∞
0
dq
2pi
φ(p, q) L¯(q), ¯(p) = Rp −
∫ ∞
0
dq
2pi
φ(p, q)L(q) , (3.2)
where (p) and ¯(p) are the pseudoenergies for the right and the left movers, respectively,
φ(p, q) = −i∂qln S(p, q) , (3.3)
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and
L(p) = ln(1 + e−(p)) , L¯(p) = ln(1 + e−¯(p)) . (3.4)
The ground state energy is
E(TBA)(R) = − pi
6R
c(
√
σR) = −
∫ ∞
0
dp
2pi
(L(p) + L¯(p)) , (3.5)
where c(R
√
σ) is the (flowing) effective central charge with
cUV = cTIM = c(0) =
7
10
, cIR = cIM = c(∞) = 1
2
. (3.6)
The energy levels obtained through the TBA method are automatically defined with respect
to the vacuum energy in infinite space,
lim
R→∞
E
(TBA)
0 (R) = 0 . (3.7)
Within a pure two-dimensional setup, the normalization (3.7) is perfectly acceptable but it
differs from the perturbative definition about the ultraviolet fixed point by a bulk vacuum
contribution F0R which is not analytic in the perturbing parameter [52]
E
(TBA)
0 (R) = −
picUV
6R
− F0R+ regular terms , (R ' 0) . (3.8)
(For the TIM → IM massless flow, F0 = 2σ.) The alternative normalisation for the energy
levels
En(R) = E
(TBA)
n (R) + F0R , (3.9)
agrees with the definition coming from the short distance expansion, it seems to be a
more natural choice in view of a possible embedding in an higher dimensional space and
it highlights the similarity between the bulk energy, exactly computable within the TBA
scheme, and the linear term in the quark-anti-quark potential (1.3), whose origin traces
back to the classical contribution Scl to the effective string action (1.4)
E0(R) = F0R− picIR
6R
+ . . . , (
√
σR 1) . (3.10)
In the far infrared limit, equations (3.2) lead to an exact asymptotic expansion for
E(TBA)(R) [51, 53]
f (TBA)(t) =
1
2pi
RE
(TBA)
0 (R) = −
1
24
− 1
48
t− 1
48
t2 +
(
− 5
192
+
49
400
pi2
)
t3
+
(
− 7
192
+
49
100
pi2
)
t4 +
(
− 7
128
+
441
320
pi2 − 2883
245
pi4
)
t5
+
(
− 11
128
+
539
160
pi2 − 723819
9800
pi4
)
t6 + . . . (3.11)
where f (TBA)(t) is the scaling function [51] and t = pi/(12σR2). The first three terms
in (3.11) reproduce the large σ expansion of the effective action
Sσ = SIM − 1
2pi2σ
∫
d2ξ T T¯ , (3.12)
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p p
Figure 1. Possible excited state integration contours for the λ+ sector.
where SIM is the Ising model CFT action. Correspondingly, the scaling function on the
cylinder admits the perturbative expansion
f (pert)(t) = −cIR
12
+
(cIR
24
)2
α−
(cIR
24
)3
α2 +O(α3)
= − 1
24
− 1
48
t− 1
48
t2 +O(t3) , (α = −48t) .
(3.13)
The appearance in (3.11) of coefficients with nonzero trascendentality1 at order O(t3) and
greater is a clear signal of contributions from other irrelevant operators [51].2
However, what had not been realised until the work [40] was that certain TBA equa-
tions lead to the full Nambu-Goto closed string spectrum. One of the main achievements
of the present paper is to generalize the results of [40] to other important families of models
by showing that the corresponding TBA spectra are a direct generalization of (1.10) and
that the leading part S1(p, q) of the Zamolodchikov’s S matrix (3.1) at large σ
S(p, q) = eipq/σ−i(pq/σ)
3/12+... = S1(p, q)e
−i(pq/σ)3/12+... (3.14)
selects precisely the zero trascendentality terms in (3.11) which form the large R expansion
of the NG ground state energy. Therefore, following [40], we replace the kernel in (3.2) with
φ(p, q) = −i∂qln S1(p, q) = p/σ , (3.15)
the resulting TBA equations are
(p) = Rp− p
σ
∫
C¯
dq
2pi
L¯(q) = Rp+
p
σ
∫
C¯
dq
2pi
q∂qL¯(q) ,
¯(p) = Rp− p
σ
∫
C
dq
2pi
L(q) = Rp+
p
σ
∫
C
dq
2pi
q∂qL(q) ,
(3.16)
1i.e. with a higher power of pi.
2It is interesting to observe that this new operator contributes exactly at the same order where the
Lorentz-invariant effective string theory admits new non-NG terms [40, 41, 45].
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with
L(q) = lnC(1 + λ±e−(q)) , L¯(q) = lnC¯(1 + λ±e
−¯(q)) . (3.17)
The corresponding energy is
E(TBA)(R) = −
∫
C
dp
2pi
L(p)−
∫
C¯
dp
2pi
L¯(p) . (3.18)
In (3.17) λ+ = 1 selects the descendents of the identity and energy primary fields, while
λ− = −1 selects the conformal family of the spin field [54]. lnC is the continuous branch
logarithm, C and C¯ are certain integration contours running from q = 0 to q = ∞ on
the real axis for the ground states in each subsector λ±, but for excited states they circle
around a finite number of poles {qi} and {q¯i} of ∂qL(q) and ∂qL¯(q) (see figure 1):
(qj) = ipi(2nj + (1− λ±)/2) , ¯(q¯j) = −ipi(2n¯j + (1− λ±)/2) , (nj , n¯j ∈ N) . (3.19)
Setting
(p) = Rpκ , ¯(p) = Rpκ¯ , (3.20)
we find the constraints
κ = 1 +
4
piκ¯σR2
Li2(−λ±, C¯) , κ¯ = 1 + 4
piκσR2
Li2(−λ±, C) . (3.21)
In (3.21) Li2(z, C) denotes the continuous branch dilogarithm (see e.g. [55]):
Li2(z, C) = −
∫
C
dq
2pi
lnC(1− ze−q) = Li2(z) + 4pi2m− i2pinln(z) , (m,n ∈ N) (3.22)
with Li2(−1) = −pi212 , Li2(1) = pi
2
6 ,
Li2(−1, C) =

−pi
2
6
(cIR − 24h(0,0) − 24n) , (n = 0, 2, 3, . . . )
−pi
2
6
(cIR − 24h(1,3) − 24n) , (n = 0, 1, 2, . . . )
(3.23)
and
Li2(1, C) = Li2(1) + 4pi2n = −pi
2
6
(cIR − 24h(1,2) − 24n) , (n = 0, 1, 2, . . . ) (3.24)
where
n =
∑
j
nj , n¯ =
∑
j
n¯j , (3.25)
and h(0,0) = 0, h(1,2) =
1
16 , h(1,3) =
1
2 are the conformal dimensions of the primary fields of
the minimal model M3,4. Therefore
E
(TBA)
(n,n¯) (R) + σR = σR(κ+ κ¯− 1)
=
√
σ2R2 +
σ
pi
(Li2(−λ±, C) + Li2(−λ±, C¯)) +
(
Li2(−λ±, C)− Li2(−λ±, C¯)
2piR
)2
=
√
σ2R2 + 4piσ
(
n+ n¯− c˜IR
12
)
+
(
2pi(n− n¯)
R
)2
, (3.26)
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with c˜IR = cIR − 24h, (h ∈ {h(0,0), h(1,2), h(1,3)}), or
E˜
(TBA)
(n,n¯) (R) = −2σR− E
(TBA)
(n,n¯) (R) . (3.27)
The result (3.26) reproduces precisely the zero trascendentality coefficients appearing
in (3.11)
f (TBA)(t) =
1
2pi
RE
(TBA)
(0,0) (R) =
1
24t
−
√
1
(24t)2
− cIR
144t
= − 1
24
− 1
48
t− 1
48
t2 − 5
192
t3 − 7
192
t4 − 7
128
t5 − 11
128
t6 + . . .
(3.28)
Although, as it will be discussed in greater detail in section 4 below and similarly to the
cases studied in [40], this simple model of quantum field theory does not possess a standard
ultraviolet fixed point, it still seems reasonable to identify the bulk contribution with the
linear term in the short distance expansion
∂RE
(TBA)
(0,0) (R) ' −F0 + · · · = −σ + . . . , (for c˜IR 6= 0) . (3.29)
Adding F0R = σR, a nice match with the Nambu-Goto formula (1.10) at D − 2 = c˜IR is
finally obtained:
E(n,n¯)(R) = E
(TBA)
(n,n¯) (R) + σR . (3.30)
Naively, we may be tempted to discard completely the negative energy sector E˜(n,n¯)(R) =
−E(n,n¯)(R), however, the two branches are not completely disconnected as there is a spec-
tral singularity (exceptional point) at the tachyonic critical point
Rc =
√
picIR
3σ
, (3.31)
in the ground state n = n¯ = 0 and, for the other levels, singular points at complex values
of R. The appearance of the negative energy sector, absent in the original work [51], is
a signal of the somehow pathological nature of the -explicitly solvable- CFT perturbation
considered. At the level of the TBA this fact is a direct consequence of the non-localized
form of the scattering amplitude S1(p, q) used for the kernel (3.15). Still, even with a range
of validity restricted to low energy, the appearance of the NG spectrum in the framework
of two-dimensional integrable modes is a very striking result that may have a highly non
trivial impact to the study of effective strings in confining gauge theory.
The results obtained in this section, although discussed from a slightly different per-
spective, heavily rely on [40]. Our model differs from those studied in [40] in two ways:
• In [40] Bose statistics was used for the derivation of the TBA equations. The Ising
model and almost all the known integrable models obey instead an exclusion principle
in the momentum space even when they are unmistakably associated to Bose type
Lagrangians as, for instance, in the quantum affine Toda field models [56]. A well
known exception is the theory of a single (non compactified) free Bose field which
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indeed corresponds to infrared limit of the the D = 3 case of [40]. However, even
this example does not really represent an exception since an alternative Fermi type
TBA with an additional delta-function in the kernels may fully replace the original
equations. The change of variable is
B(p)→ F (p) + ln(1 + e−F (p)) , − ln(1− e−B(p))→ ln(1 + e−F (p)) . (3.32)
• The general case discussed in [40], consists in D−2 species of particles with left-right
mover scattering amplitude Sij(p, q) = S1(p, q), (i, j = 1, 2, . . . D − 2). Thus micro-
scopically the D−2 species are actually indistinguishable as their mutual interaction
is totally independent from their flavour i and j, a property difficult to understand
on physical grounds.
In the following section we study the degeneracy of the string levels and in appendix A,
starting from a more general family of exact scattering theories, we shall describe the
generalization of these results to more complicated conformal field theories.
4 Spectrum degeneracy
The degeneracy of the energy levels (3.30) is given by the number of ways of writing n and
n¯ in (3.25) i.e. the number of decompositions of n and n¯ into distinct integer summands
without regard to the order. This is of course the degeneracy of a free fermionic system on
a circle. The generating function is
∞∑
n=0
ϕ(n)qn =
∞∏
n=1
(1 + qn) =
1∏∞
n=1(1− q2n−1)
. (4.1)
The asymptotic behaviour of the level degeneracy for large n and n¯ is known to be
ϕ(n)ϕ(n¯) ' ϕ(n)2 = 1
16
√
3n3
e2pi
√
n/3 . (4.2)
For large n ' n¯ the energy (3.30) is E ' √8piσn, so the Ising degeneracy ρI(n) is
ρI(n) = 3
(
piTH
3E
)3
eE/TH = ρI(E)
dE
dn
, (4.3)
where
TH =
√
3σ
picIR
, (4.4)
is the Hagedorn’s temperature TH = sup(T (E)) with T (E) = 1/∂E lnρI(E) and cIR = 12 .
Comparison with the tachyonic singularity (3.31) at Rc we obtain, as anticipated in the
Introduction, RcTH = 1. Notice that the degeneracy of the energy levels of the closed
string in D dimensions is asymptotically
ρD(n) = 12(D − 2)D
(
piTH
3E
)D+1
eE/TH , (4.5)
where TH differs from TH by the substitution cIR → D − 2. Further details on this
degeneracy as well as its thermodynamic implications in lattice gauge theory at finite
temperature can be found in appendix B of [57].
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Figure 2. R matrix constraint.
5 The infinite strip
Consider a single quantum particle confined on a segment of length R. The standard
quantization condition for the momentum p of the particle is
ei2piRRα(pi)Rβ(pi) = 1 , (5.1)
where δα(p) = −ilnRα(p) and δβ(p) = −ilnRβ(p) are the contributions to the total phase
shift from the reflections on the left and right boundary, respectively. Although, for an
interacting integrable two-dimensional quantum field theory confined on a space segment
of length R equation (5.1) becomes exact only in the asymptotically large R limit, it reveals
that one of the main ingredients for the computation of the spectrum is, beside the exact
bulk S matrix a consistent reflection factor R(p). For massive integrable quantum field
theories, the basic axiomatic constraints linking the boundary reflection factor R(p) to
the two body S matrix amplitude were discussed in [68–70]. The generalization of these
results to a generic massless perturbed conformal field theories is a nice and partially open
problem that certainly deserves further attention. However a full discussion of this topic
would take us too far afield, and we shall postpone it to the future.
For the time being, we restrict the discussion to the D = 3 case of [46], i.e. the theory
of a single Bose field in two dimensions with left-right scattering amplitude
S1(p, q) = e
ipq/σ . (5.2)
Partially based on TIM → IM boundary flows discussed in [71], we identify the relevant
constraints to be
R(p)R∗(p) = 1 , (5.3)
which coincides with unitary constraint for R(p), and
R(p)R(−p) = S1(p, p) , (5.4)
corresponding to the equality between the two scattering diagrams represented in figure 2.
Given the S matrix (5.2), the minimal solution to equations (5.3) and (5.4) is
R0(p) =
√
S1(p, p) = e
ip2/(2σ) , (5.5)
while multi parameter solutions have the general form
R(p) = R0(p)
∞∏
j=1
R(2j−1)δj (p) , (5.6)
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with
R(m)δ (p) = e(ip)
mδ , (m odd) . (5.7)
The functions (5.7) satisfy the simpler equation
R(m)δ (p)R(m)δ (−p) = 1 . (5.8)
The signs of the real parameters δ’s appearing (5.6) are not constrained by (5.3) or (5.4).
However, as it will clear from the results described in section 6.2 below, for left-right
symmetrical boundary conditions, the terms with the largest power 2j − 1 ≥ 3 of p and
δj 6= 0 appearing in (5.6) should have a coefficient δj > 0, to ensure a proper convergence of
the TBA integrals and consequently also the validity of the boundary TBA approach itself.
In conclusion, the number of possible reflection factors is infinite. Since, even for a
simple conformal field theory such as theM3,4 model, the set of all possible boundary condi-
tions corresponding to the superposition of Cardy’s boundary (pure) states [72] is infinite di-
mensional, such a proliferation of free parameter reflection factors is not totally surprising.
6 The boundary TBA
The relevant TBA equation for our simple system, obeying Bose type statistics3 and defined
on a infinite strip of size R and boundary conditions (α, β), is [73, 74]
(p) = 2Rp+ Λ(p) +
p
σ
∫
C¯
dq
2pi
L(q) , (6.1)
with
L(q) = lnC¯
(
1− e−(q)
)
, Λ(p) = ln (Rα(−ip)/Rβ(ip)) , (6.2)
and vacuum and excited state energies
E(TBA)n (R) =
∫
C¯
dp
2pi
L(p) . (6.3)
6.1 Basic boundary conditions
Let us first consider the basic boundary conditions
Λ(p) = ln (R0(−ip)/R0(ip)) = 0 , (6.4)
the TBA equation reduces to
(p) = 2Rp+
p
σ
∫
C¯
dq
2pi
L(q) . (6.5)
The same logical steps described in section A can be repeated to find the following simple
algebraic constraint
E(TBA)n (R) = −
pic(C¯)
12(2R+ E
(TBA)
n (R)/σ)
, (6.6)
3This is a conventional choice. The equivalent Fermi statistics TBA, obtained through the change of
variable (3.32), would be fine as well.
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with c(C¯) = 1− 24n, (n ∈ N). Considering only the positive energy solutions, we have
E(TBA)n (R) + σR =
√
σ2R2 + 2piσ
(
n− 1
24
)
. (6.7)
Equation (6.7) coincides with the NG open string spectrum (1.11) at D = 3. To check the
full consistency with the BA equation (5.1), let us consider the single particle excited state
(p) = 2Rp+ lnS1(p,−ipj) + p
σ
∫ ∞
0
dq
2pi
L(q) , (6.8)
where q = −ipj is the branch point of L(q) corresponding to (−ipj) = −i2pinj ,
(nj = 1, 2, . . . ). At large R, setting (ipj) = i2pinj on the l.h.s. of (6.8) and dropping
the exponentially subdominant term on the r.h.s.
i2pinj ' i2Rpj + lnS1(ipj ,−ipj) = i2Rpj + lnS1(pj , pj) , (6.9)
or
ei2RpjS1(pj , pj) = e
i2RpjR0(pj)R0(pj) ' 1 . (6.10)
The result (6.10) nicely fits equation (5.1).
6.2 More general boundary conditions
Let us now consider the case
R(p) = R0(p)R(1)δ1 (p) = eip
2/2σeiδ1p , (6.11)
since
Λ(p) = ln (R(−ip)/R(ip)) = 2pδ1 , (6.12)
we see that these boundary conditions simply correspond to a shift R → R + δ1, the
resulting exact spectrum is
E(TBA)n (R, δ1) = E
(TBA)
n (R+ δ1) . (6.13)
Note that this case corresponds to the b1 term in the boundary action (1.5). This correction
was first calculated at first order in b1 in [11] using the ζ−function regularization and
in [29] using dimensional regularization. In the latter reference it was also noted that this
boundary term corresponds to a shift in R and that this rule actually extends to the next
order in b1. In our approach this “shift” property is valid at any order of δ1 and the precise
relation between δ1 and b1 is δ1 = −4b1.
Further, we know that Lorentz symmetry of the target space, as pointed out in (1.8),
makes this term inconsistent, yet the TBA approach is perfectly consistent. This clearly
shows that the quantum integrability does not imply Lorentz invariance on the target space,
as anticipated in the Introduction.
Consider now the case
R(p) = R0(p)R(3)δ2 (p) = eip
2/(2σ)e−ip
3δ2 , Λ(p) = ln (R(−ip)/R(ip)) = 2p3δ2 . (6.14)
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The corresponding TBA equations are
(p) = 2Rp+ 2p3δ2 +
p
σ
∫
C¯
dq
2pi
L(q) . (6.15)
The solution to (6.15) is of the form
(p) = 2Rκp+ 2p3β , (6.16)
with
κ+
p2
R
β = 1 +
p2
R
δ2 +
1
2Rσ
∫
C¯
dq
2pi
ln
(
1− e−2Rκq−2q3β
)
. (6.17)
Then it must be exactly β = δ2 and the TBA yields an exact equation for the energy in
terms of κ = κ(
√
σR, δ2/R
3)
κ = 1 +
1
2Rσ
∫
C¯
dq
2pi
ln
(
1− e−2Rκq−2q3δ2
)
, (6.18)
which can be easily solved numerically for R > 0 and δ2 > 0. Yet, in the literature there
are interesting, large R, asymptotic corrections to the NG formula which we can match
very easily. In fact, we can expand in the form
ln
(
1− e−2Rκp−2p3δ2
)
= ln
(
1− e−2Rκp)+ ( 2p3δ2
e2κpR − 1
)
+ . . . (6.19)
obtaining, for δ2/R
3 small,
κ = 1 +
1
4piσR
(
−Li2(1, C¯)
2Rκ
+
3δ2
4R4
Li4(1, C¯)
)
+ . . . , (6.20)
which has solution
κ =
1
2
(
1 +
√
1− 1
2piσR2
Li2(1, C¯)
)
+
1
4piσR
3δ2
4R4
Li4(1, C¯) + . . . . (6.21)
The continuous branch extension of Li4(1, C¯) is given by [55]
Li4(1, C¯) = Li4(1) + 8
3
pi4
∑
i
(ni)
3 =
pi4
90
+
8
3
pi4
∑
i
(ni)
3 , ni ∈ N , (6.22)
and the resulting modification to the Nambu-Goto spectrum turns out to be
E
(TBA)
{ni} (R, δ2) = σR(2κ− 2) = E
(TBA)
n (R) +
δ2pi
3
4R4
(
1
60
+ 4
∑
i
(ni)
3
)
+ . . . (6.23)
with ni = 0, 1, . . . , n =
∑
i ni. Equation (6.23) matches the results displayed in the table
on page 9 of [45], provided we set D = 3 and identify δ2 = −4b2.
Returning to the positivity issue, briefly mentioned at the end of section 5, notice that
the integral appearing in equation (6.15) is divergent for δ2 < 0. It is therefore important
to check the sign of the latter coefficient obtained from numerical simulations.
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The n = 0 state of the spectrum (6.23) was compared with numerics in the case of the
three dimensional SU(2) lattice gauge theory in [48]: (σ)3/2b2 ' −0.015(6)(6). b2 was also
evaluated in [33] for a class of holographic confining gauge theories and also in this case,
with Dirichlet’s boundary conditions, the b2 coefficient is negative. Thus, in both cases,
the TBA equation (6.15) should provide a qualitatively good description of the deviation
of the Nambu-Goto spectrum (1.11), caused by the presence of b2-perturbed boundaries,
over a wide range of 1/σR2 about the infrared fixed point.
Further, an high precision numerical simulation of the three dimensional Ising gauge
model was reported very recently in [34]. The agreement with the theoretical prediction
turned out to be very good allowing a precise estimate of the boundary parameter b2. The
numerical outcome, (σ)3/2b2 ' 0.032(2), leads now to a negative sign for δ2. We interpret
this result as a clear signal of the presence of additional (infrared subleading) contributions
associated to extra terms with higher powers of p in the boundary factor Λ(p) and/or in
the TBA convolution kernel. We shall postpone a more complete discussion on this issue
and a comparison between TBA and Monte Carlo results to the future.
7 Conclusions
In this paper we pointed out that the effective string theory describing the confining colour
flux tube which joins a static quark-antiquark pair can be seen as a two-dimensional CFT of
central charge D−2 perturbed by the composite field T T¯ made with the energy momentum
tensor T . This perturbation is quantum integrable and the spectrum can be calculated with
the TBA, as first noted in [46]. We generalized this result to a large class of conformal
models. In the case of periodic boundary conditions the energy levels E(n,n¯)(R) are labeled
by two integers n and n¯ which depend on the monodromy of the dilogarithm in the complex
plane of the momentum p. In a generic ADE system these energies can be parametrised
in the form E(n,n¯)(R) = σR+ E + E¯ , where the two quantities E and E¯ obey the following
consistency conditions
E = −pi(c˜IR − 24n)
12(R+ E¯/σ) , E¯ = −
pi(c˜IR − 24n¯)
12(R+ E/σ) , (7.1)
where c˜IR is the effective central charge. The solution of these two algebraic equations
is exactly the NG spectrum. We then discussed the degeneracy of these states which is
growing exponentially for large n and n¯. Similar conclusions can be drawn for the open
string case, where we wrote and solved the boundary TBA. We found that the reflection
factor may depend on a set of arbitrary parameters which are associated to the coupling
constants of the boundary string action. The deviation of the NG spectrum due to these
terms can be easily calculated, at least at the first order in these coupling constants, and
it turns out that the results coincide with those of the standard perturbative calculations.
These results give a novel perspective on the TBA, and will hopefully lead to a new way to
study the interquark potential by means of nonlinear integral equations, exact S matrices
and form-factors for correlation functions.
One of the most interesting open questions of the present approach is tied to the fact
that the above equations for each pair n, n¯ admit two solutions ±E(n,n¯)(R). Thus this
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theory has an infinite set of negative energy levels. Even if the theory can be fermionized
and we may assume that the sea of negative energy states is completely filled we did not
succeed in evaluating the zero-point energy associated to it and its possible effect on the
NG spectrum. One possible way out is to assume that at a given perturbative order in the
1/σR2 expansion of the NG spectrum some other irrelevant operator starts to contribute.
This is in particular what happens in the massless flow from the tricritical Ising model to
the critical one, which was the starting point of our analysis.
As a final remark we notice that TBA equations — both with and without boundaries
— have emerged in the context of N = 4 super Yang-Mills for the study of the quark-
antiquark potential [75, 76] and gluon scattering amplitudes [77]. The latter quantities are
equivalent to light-like polygonal Wilson loops and thus correspond to the area of minimal
surfaces in AdS5 in the classical string theory limit. Although there are some similarities
between the current setup and those of [75, 76] and [77], there are also important differences
in the underlying physics and the analytic properties of the corresponding TBA equations
and we are currently unable to identify a precise link between the results of [40], further
developed here, and these important preceding works on AdS5/CFT4.
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A The ADE general case
The analysis described in section 3 can be immediately generalised to any perturbed con-
formal field theory with known exact S matrix description, as for example, the massive
theories represented by the diagonal reflectionless ADE-related scattering models of [52, 58].
The TBA equations are
i(p) = Rei(p)−
N∑
j=1
∫
Cj
dq
2pi
φij(p, q) Lj(q) , ¯i(p) = Rei(p)−
N∑
j=1
∫
C¯j
dq
2pi
φij(p, q) L¯j(q) ,
(A.1)
where ei(p) =
√
p2 +m2i is the dispersion relation of the i-th particle and N is the rank of
the corresponding ADE algebra. The kernels are
φij(p) = −i∂q lnSij(p, q) , (A.2)
where Sij(p, q) are the S matrix amplitudes of [56, 59–61] parametrised using the momenta
p and q of the two particles involved in the scattering. In the ultraviolet regime miR→ 0
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the TBA equations (A.1) show the decoupling of the pseudoenergies for right movers from
the left mover ones
i(p) = Rmˆip−
N∑
j=1
∫
Cj
dq
2pi
φij(p, q) Lj(q) , ¯i(p) = Rmˆip−
N∑
j=1
∫
C¯j
dq
2pi
φij(p, q) L¯j(q) .
(A.3)
In this limit, the energy can be found exactly [52]. The set of pure numbers mˆi ≡ mi/m1
and i = 1, . . . , N fix a relative scale among the particle species. They cannot be arbitrary
numbers, but must be proportional to the components of the Perron-Frobeniuns eigenvector
of the corresponding Cartan matrix. For the vacuum states all this has been analysed in [52,
58], furthermore here we wish to take into consideration excited states as well [54, 62, 63]
by introducing complex contours Ci and C¯i for the continuous branch dilogarithm and
fugacities {λi} inside the statistical functions
Li(p) = lnCi(1 + λie
−i(p)) , L¯i(p) = lnC¯i(1 + λie
−¯i(p)) . (A.4)
The fugacities are all equal to unity for sectors related to the CFT identity operator, while
they may assume different values for conformal families of other primary fields [54, 64, 65].
In the ultraviolet limit the energy is
E
(TBA)
(n,n¯) (R) = E + E¯ , E = −
pi
12R
c(C) , E¯ = − pi
12R
c(C¯) , (A.5)
where the constants
c(C) = 12
pi
N∑
i=1
Rmˆi
∫
Ci
dp
2pi
Li(p) , c(C¯) = 12
pi
N∑
i=1
Rmˆi
∫
C¯i
dp
2pi
L¯i(p) , (A.6)
can be written in terms of the solutions to (A.1) and computed exactly using the dilogarithm
trick [52, 66]. Besides, they are easily related to the conformal central charge cIR and the
conformal weights (h, h¯) of the primary fields
c(C) = c˜IR − 24n , c(C¯) = c˜IR − 24n¯ , (n, n¯ ∈ N) , (A.7)
and c˜IR = cIR − 24(h+ h¯). The central charge and the conformal dimensions are those for
the coset models [67]
Gˆ1 × Gˆ1
Gˆ2
, G ∈ AN , DN , EN . (A.8)
Let us now come to the announced generalisation of the analysis described in section 3,
and introduce the following variant of massless TBA equation for ADE systems
i(p) = Rpmˆi − pmˆi
σ
N∑
j=1
mˆj
∫
C¯j
dq
2pi
L¯j(q)−
N∑
j=1
∫
Cj
dq
2pi
φij(p, q) Lj(q) , (A.9)
¯i(p) = Rpmˆi − pmˆi
σ
N∑
j=1
mˆj
∫
Cj
dq
2pi
Lj(q)−
N∑
j=1
∫
C¯j
dq
2pi
φij(p, q) L¯j(q) . (A.10)
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The elegant definition of effective length
r = R+ E¯/σ , r¯ = R+ E/σ , (A.11)
allows to recast equations (A.9) and (A.10) in the form (A.3), with
− rE = pic(C)
12
=
N∑
i=1
rmˆi
∫
Ci
dp
2pi
Li(p) , − r¯E¯ = pic(C¯)
12
=
N∑
i=1
r¯mˆi
∫
C¯i
dp
2pi
L¯i(p) , (A.12)
where, importantly, the c(C) and c(C¯) coincide with those already introduced in (A.7) and
computable via equations (A.3) and (A.6). Finally, the following self-consistent constraints
must hold
E = −pi(c˜IR − 24n)
12(R+ E¯/σ) , E¯ = −
pi(c˜IR − 24n¯)
12(R+ E/σ) . (A.13)
The latter pair of algebraic equations for E and E¯ can be easily solved, giving
E(n,n¯)(R) = E + E¯ + σR = ±
√
σ2R2 + 4piσ
(
n+ n¯− c˜IR
12
)
+
(
2pi(n− n¯)
R
)2
. (A.14)
In conclusion, we have shown that the spectrum of Nambu-Goto with D−2 = c˜IR emerges
from a wide class of TBA models. Actually, we can generalize this analysis to many other
interesting models, including infinite families of perturbed CFT theories described by non-
diagonal S matrices and we suspect that (A.14) can be obtained for any CFT.
We end this section with a further observation. It was noticed in [49] that for any
two-dimensional quantum field theory the expectation values of the composite field T T¯
admits an exact representation in terms of the expectation value of the energy-momentum
tensor itself. Using the standard CFT convention and setting
T = −2piTzz , T¯ = −2piTz¯z¯ , Θ = 2piTzz¯ = 2piTz¯z , (A.15)
the result of [49], written using the double integer labeling introduced in the previous
sections, on the cylinder is
〈n, n¯|T T¯ |n, n¯〉 = 〈n, n¯|T |n, n¯〉〈n, n¯|T¯ |n, n¯〉 − 〈n, n¯|Θ|n, n¯〉2 . (A.16)
With the help of the following relations linking the expectation values of the energy-tensor
components with the energy eigenvalues E(n,n¯)(R) and the total momentum of the state
P(n,n¯)(R) = 2pi(n− n¯)/R
〈n, n¯|Tyy|n, n¯〉 = − 1
R
E(n,n¯)(R) , 〈n, n¯|Txx|n, n¯〉 = −∂RE(n,n¯)(R) ,
〈n, n¯|Txy|n, n¯〉 = − i
R
P(n,n¯)(R) ,
(A.17)
we have [49]
∂R(E
2
(n,n¯)(R)− P 2(n,n¯)(R)) = −
2R
pi2
〈n, n¯|T T¯ |n, n¯〉 . (A.18)
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Here, we would like to remark that inserting espression (A.14) for the energy levels in (A.18)
leads to
〈n, n¯|T T¯ |n, n¯〉 = −pi2σ2, (A.19)
exactly and independently from the particular state (n, n¯) under consideration. Finally,
using (A.19) in (A.16) gives
〈n, n¯|Θ|n, n¯〉 =
√
pi2σ2 + 〈n, n¯|T |n, n¯〉〈n, n¯|T¯ |n, n¯〉 . (A.20)
Since, Θ = 0 corresponds to a conformal invariant theory, the field Θ can be identified with
the CFT perturbing operator, thus the exact result (A.20) should contain fundamental
information on the further contributions needed in (2.4) and (3.12), or in an arbitray T T¯
perturbed CFT, to build the full action associated to the Nambu-Goto like spectrum (A.14).
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